We consider two problems that arise in designing two-level star networks taking into account service quality considerations. Given a set of nodes with pairwise traffic demand and a central hub, we select p hubs and connect them to the central hub with direct links and then we connect each nonhub node to a hub. This results in a star/star network. In the first problem, called the Star p-hub Center Problem, we would like to minimize the length of the longest path in the resulting network. In the second problem, Star p-hub Median Problem with Bounded Path Lengths, the aim is to minimize the total routing cost subject to upper bound constraints on the path lengths. We propose formulations for these problems and report the outcomes of a computational study where we compare the performances of our formulations.
Introduction
In this paper, we consider the problem of designing a two level telecommunications network with service quality considerations. We are given a set of users or demand nodes and each of these nodes wants to communicate with all others. A fixed central hub is given and p additional hubs should be chosen among the user nodes. Then each hub is connected by direct links to the central hub and each of the remaining nodes is connected directly to exactly one hub. The resulting network is a two level star/star network, where the network connecting the hub nodes to the central hub, called the backbone network, is a star, and each of the networks connecting user nodes to a hub node, called an access network, is a star.
We define two separate but related design problems for star/star networks. These problems are different from those existing in the literature as they incorporate a measure of service quality. First observe that in a star/star network, there exists a single simple path between any pair of demand nodes. If two demand nodes are connected to the same hub, then his path starts at the origin, goes directly to the hub, and then ends at the destination. If these nodes are connected to two different hubs, then the path starts at the origin, goes to the hub of the origin, then to the central hub, then to the hub of the destination, and ends at the destination. The length of the path connecting these two nodes is taken as a measure of the quality of service for this pair of nodes.
In our first problem, we are interested in optimizing the poorest service quality in the network. Hence, our aim is to select the location of hubs and assign the remaining nodes to hubs in such a way that the longest path between two distinct nodes in the resulting network has the smallest possible value. In other words, we would like to minimize the maximum length of the path connecting any pair of distinct demand nodes. We call this problem Star p-hub Center Problem and abbreviate with SpHCP.
In our second problem, we also incorporate the cost of routing into the design process. Our aim is to find a network such that the total cost of routing in the network is minimum and the length of the path connecting any pair of distinct nodes does not exceed a predetermined value. This yields a solution with a given level of service quality and minimum cost. We call this problem Star p-hub Median Problem with Bounded Path Lengths and abbreviate with SpHMP-BP. If there is no limit on the path lengths and the cost of routing the traffic between the hubs and the central hub is null, then our problem is equivalent to the problem of locating p hubs and allocating the remaining nodes to these hubs to minimize the total cost of allocation. Hence the p-median problem is a special case of our problem. As the p-median problem is NP-hard, SpHMP-BP is also NP-hard (for reviews on facility location problems, we refer the reader to, e.g., Cornué jols et al. [9, 10] , Krarup and Pruzan [25] , Labbé et al. [26] and Sridharan [37] ).
To the best of our knowledge, these problems have not been studied before. Here we first review the literature on other A related problem is the problem of minimizing the number of hubs under the constraint of serving each pair of demand nodes within a predetermined value. This problem is called the hub covering problem. Different formulations for this problem are proposed by Kara and Tansel [23] , Wagner [38] , and Ernst et al. [16] . Hamacher and Meyer [19] propose an algorithm to solve the p-hub center problem by solving a series of hub covering problems.
There is also recent work on the problem of minimizing cost subject to a quality measure. See, for instance, Alumur et al. [2] , Campbell [4] , Yaman [40, 41] , Yaman et al. [42, 43] . Our second problem SpHMP-BP belongs to this class and has features of both the p-hub median problem and the hub covering problem. The path length constraints are covering type constraints and are used in the hub covering problem. But in the hub covering problem, the objective is to minimize the number of hubs, whereas the objective of SpHMP-BP is to minimize the total routing cost in the network, and this is the same as the objective of the p-hub median problem.
In this paper, we propose formulations for SpHCP and SpHMP-BP and discuss the outcomes of a computational study where we compare the performances of these formulations. Our formulations model the routes between origin-destination pairs using the fact that the hub network has a star structure.
The rest of the paper is organized as follows. In Section 2, we formally define the problem SpHCP, prove that it is NP-hard, and present two integer programming formulations. Section 3 is devoted to the study of formulations for the SpHMP-BP. A preprocessing algorithm is also given in this section. We test our formulations from a computational point of view in Section 4 and discuss the results. We conclude the paper in Section 5.
Star p-hub center problem
In this section, we formally define our first problem, SpHCP, prove that it is NP-hard, and propose mixed integer programming formulations. We first give the notation. Let I be the set of demand nodes and 0 be the central hub. Let d ij denote the distance from node iA I [ f0g to node j A I [ f0g. We assume that
and that the triangle inequality is satisfied, i.e., d ij þd jk Z d ik for all i,j,kA I [ f0g.
The problem SpHCP is to locate p hubs and assign each nonhub node to a hub node such that the maximum path length over all pairs of nodes is minimized. In the sequel, we assume that p Z 2.
We define x ij to be 1 if node i A I is assigned to hub node j A I and to be 0 otherwise. If a hub is located at node i then x ii is 1. The variable b min is the length of the longest path between origindestination pairs in the resulting star/star network. Using these variables, SpHCP can be formulated as follows:
x ij r x jj 8i,j A I : i a j ð4Þ
Here, constraints (2) and (7) ensure that each demand node is assigned to exactly one hub node. The number of hubs is equal to p due to constraint (3) . Constraints (4) ensure that nodes can only be assigned to hub nodes.
We assume that all pairs of nodes need to communicate. If node i is assigned to hub j and node m is assigned to hub l different from hub j, then the length of the path between nodes i and m is equal to d ij þd 0j þ d 0l þd lm . Constraints (5) state that b min is at least as large as the length of this path. If nodes i and m are assigned to the same hub j, then the length of the path between these nodes is equal to d ij þ d mj and due to constraints (6), b min cannot be smaller than the length of this path. As we minimize b min , in an optimal solution, the value of b min is equal to the length of the longest simple path in the resulting star/star network.
Note that we have a major assumption here, we assume that we know the location of the central hub. If, on the contrary, we are to decide on the location of the central hub, then SpHCP can be solved for each possible location. It is also possible to incorporate the decision on the location of the central hub into our model. We define y k to be 1 if the central hub is located at node k A I and to be 0 otherwise. Then we add constraints P k A I y k ¼ 1, x kk Zy k and y k A f0; 1g for all k A I, and change constraints (5) with
where M is a large number.
Before presenting alternative mixed integer programming formulations for SpHCP, we first prove that the problem is NP-hard. Proof. We define the decision version of SpHCP as follows. Does there exist a feasible solution to SpHCP with b min less than or equal to a given positive number K? This problem is in NP. Next we show that the decision version of the unweighted vertex p-center problem is polynomial time reducible to the decision version of SpHCP. Here we use the ideas developed in Ernst et al. [15] .
The decision version of the unweighted vertex p-center problem is defined as follows. Given a network G ¼ ðN,EÞ with nonnegative edge lengths c ij for fi,jg A E and a positive number K 0 , does there exist a subset M of N of cardinality p such that min j A M:fi,jg A E c ij rK 0 for all iA N? This problem is NP-complete (see Kariv and Hakimi [24] ). For a given instance of the unweighted vertex p-center problem,
As a node and its copy have the same distances to all other nodes and the distance between them is zero, we know that if there exists a feasible solution to SpHCP with b min less than or equal to K, then there exists such a solution where all p hubs are chosen from the set N, i 0 is assigned to i if i is a hub and it is assigned to the same hub as i if i is not a hub, for all nodes i in N [15] . In a feasible solution for SpHCP, the length of the path between two nodes i and m is equal to d ihðiÞ þ d hðmÞm where h(i) and h(m) are the hubs of i and m, respectively. Now, if i is the node whose distance to its hub is the largest, then the longest path in the network is from node i to its copy i 0 and its length is equal to 2d ihðiÞ . Hence, there exists a solution to the decision version of SpHCP if and only if there exists a solution to the decision version of the unweighted vertex p-center problem. & Now we proceed with our discussion of formulations. Let n ¼ 9I9. The above formulation uses Oðn 2 Þ 0-1 variables and has Oðn 4 Þ constraints. Below, we first strengthen this formulation and then use auxiliary variables to decrease the number of constraints to Oðn 2 Þ. Let X be the set of feasible solutions to the above formulation, i.e., X ¼ fx A f0; 1g n 2 : x satisfies (2)- (7)g. Proposition 1. For i,m,j,l A I such that i o m and j al, the inequality
is valid for X and implies inequality (5).
Proof. Let x A X. If x ij ¼ 1 and x ml ¼ 1, then the left hand side of inequality (8) is the same as the one of (5) (8) is equal to the length of the path between nodes i and l and is a lower bound for b min . If
is a lower bound for the length of a path between node i and any node that is selected as a hub node. If x ij ¼ 0 and x ml ¼ 1, we have similar cases. Finally, if both x ij ¼ 0 and x ml ¼ 0, then if x jj ¼ 1 and x ll ¼ 1, the left hand side of inequality (8) is equal to the length of the path between hubs j and l. If x jj ¼ 1 and x ll ¼ 0, then d 0j is a lower bound for the length of a path between hub j and any node that is selected as a hub. The case with x jj ¼ 0 and x ll ¼ 1 is similar and the case with x jj ¼ 0 and x ll ¼ 0 is easy. Hence, we can conclude that x satisfies inequality (8) . Inequality (8) implies inequality (5) since x jj Zx ij and x ll Z x ml due to constraints (4) . &
Hence we obtain a stronger formulation by replacing constraints (5) with (8) . The resulting formulation can be further strengthened by replacing constraints (6) with the following set of inequalities X j A I ðd ij x ij þd mj x mj Þ r b min 8i,mA I : io m ð9Þ These inequalities are valid since if x ij ¼ x mj ¼ 1 for some j A I, then the left hand side of (9) is equal to the left hand side of constraint (6) and if x ij ¼ x ml ¼ 1 for two distinct hubs j and l in I, then the left hand side of (9) is less than or equal to the one of (8) for this choice of j and l. Using inequalities (9) instead of (6) has also the advantage of decreasing the number of constraints.
Using the above results, we strengthen the starting formulation by replacing constraints (5) with (8) and constraints (6) with (9). Next we give another formulation that has the same strength as this one but has Oðn 2 Þ constraints. We define auxiliary variables here. For j A I, let T j be the length of the longest path from nodes assigned to j to node j.
We replace constraints (8) with
It is easy to observe that the two formulations yield the same linear programming bound. Ernst et al. [15] use similar variables in their radius formulation for the p-hub center problem.
We call the above model SpHCP-1, i.e, minimizing b min subject to constraints (2)- (4), (7), and (9)-(11).
An alternative way to model the same problem is to use nonlinear constraints X
instead of the system (9)-(11). Here if node i is assigned to hub j and node m is assigned to hub l different from j, then the length of the path between nodes i and m is equal to
If nodes i and m are assigned to the same hub j, then the length of the path between these nodes is equal to d ij þd mj as x ij x mj ¼ 1.
To linearize these constraints, we define additional variables. First note that for i A I and j A I, we have x ij ð1Àx jj Þ ¼ 0 since if x ij ¼ 1 then x jj ¼ 1. Also for j A I and m A I, we have x jj ð1Àx mj Þ ¼ x jj Àx mj since x jj x mj ¼ x mj . Now let z imj ¼ x ij x mj for all j A I, i A I\fjg, m A I\fjg with io m. We can replace the nonlinear constraint (12) with its linear counterpart
and add constraints (2)- (4), (7), and (13)- (15) .
To conclude this section, we note that SpHCP-1 has Oðn 2 Þ variables and Oðn 2 Þ constraints and SpHCP-2 has Oðn 3 Þ variables and Oðn 3 Þ constraints. We compare the computational performances of these two formulations in Section 4.
Star p-hub median problem with bounded path lengths
In this section, we propose models for SpHMP-BP. We first introduce more notation. Let t im denote the amount of traffic to be routed from node i A I to node m A I. As the traffic from a node to itself does not travel on the arcs of the network, we assume that t ii ¼ 0 for all iA I. We denote the cost of routing a unit traffic from node i A I [ f0g to node j A I [ f0g by f ij . We assume that f jj ¼ 0 for all j A I. Let c ij ¼ f ij P m A I t im þ f ji P m A I t mi for i A I and j A I\fig and c jj ¼ 0 for j A I.
The problem SpHMP-BP is to locate p hubs and assign each nonhub node to a hub node such that the length of the simple path between any pair of nodes does not exceed the bound b. The aim is to minimize the total cost of routing. We again assume that p Z 2.
We first propose a nonlinear model using the 0-1 variables x ij 's and the auxiliary variables T j 's.
s:t: ð2Þ2ð4Þ,ð7Þ,ð10Þ
Constraints (17) and (18) are the same as those used for modeling SpHCP. The only difference here is that b is a parameter of the problem.
We explain the objective function in more detail. If node i is assigned to hub j, then the total traffic traveling from i to j is equal to P m A I t im and the total traffic traveling from j to i is equal to P m A I t mi . The cost of routing this traffic in both ways is denoted by c ij . The traffic traveling from hub j to the central hub is equal to the total traffic from the nodes that are assigned to hub j to the nodes that are assigned to other hubs, i.e.,
Similarly, the total traffic traveling from the central hub to hub j is equal to P i A I P m A I\fig t mi x ij ð1Àx mj Þ. The objective function (16) is the total cost of routing the traffic in the network.
Next, we provide a linear 0-1 model for our problem using the variables z imj 's defined in the previous section. First, note that, as we have x ij ð1Àx jj Þ ¼ 0 for i A I and j A I and we have x jj ð1Àx mj Þ ¼ x jj Àx mj for j A I and m A I, the objective function (16) can be rewritten as:
ðf j0 t im þf 0j t mi Þx ij x mj :
Now our model can be linearized by replacing the objective function with
ðf j0 t im þf 0j t mi þf j0 t mi þf 0j t im Þz imj and adding the constraints (14) and (15).
We call the resulting model SpHMP-BP-1. Our second formulation SpHMP-BP-2 is obtained by dropping the auxiliary variables T j 's and replacing constraints (10), (17) , and (18) with constraints
Finally, we propose a model which imposes conflicts due to path lengths using clique inequalities. Wagner [38] proposes a similar formulation for the hub covering problem. For i A I, j A I, and mA I\fi,jg, let A ijm be the set of nodes to which node m cannot be assigned when node i is assigned to hub j. Algorithm 1 computes sets A ijm . Suppose that node i is assigned to hub j. 9fkA J\fi,j,mg : maxfd ij ,d mj gþd 0j þ d 0k rbg9 rpÀ2, then nodes i and m cannot be assigned to hub j at the same time.
Now consider a node l a i,j.
, then assigning node m to hub l results in a path of length longer than
rb but the cardinality of the set fk A J\fi,j,m,lg : d ij þd 0j þd 0k r b and d ml þd 0l þd 0k r bg is less than pÀ2, then if m is assigned to hub l, then it is not possible to find pÀ2 nodes to install hubs together with j and l. Hence assigning i to j and m to l at the same time causes infeasibility if p Z3. for all iA I do for all j A I do for all m A I\fi,jg do
For iA I, j A I, and m A I\fi,jg such that 9A ijm 9 Z2 or 9A ijm 9 Z1 and i¼j, the clique inequality
should be satisfied by all feasible solutions. Moreover, any 0-1 vector x which satisfies clique inequalities (20) does not violate the path length restrictions. Let SpHMP-BP-3 be the formulation obtained from SpHMP-BP-2 by replacing constraints (19) with (20) .
Before concluding this section, we give simple ideas of preprocessing which can be applied to all three formulations for SpHMP-BP. First we give a proposition, which can help to detect infeasibility.
Proposition 2.
If there exists a node j A I such that 9fl A I\fjg :
Proof. Suppose that there exists a node j A I such that 9fl A I\fjg :
and that the problem has a feasible solution.
Let node k be the hub to which node j is assigned to and J be the set of hubs in this solution. Then
Hence there exist at least pÀ1 nodes different from j such that d jk þ d 0k þd 0l r b. As the distances satisfy the triangle inequality, 
In the next section, we provide a computational study where we compare our three formulations and investigate the effect of preprocessing.
Computational results
In this section, we report the outcomes of our computational study. First, we use instances from the AP data set of Ernst and Krishnamoorthy [13] . From the coordinates of the nodes provided in the input data files, we compute distances d ij as the Euclidean distances divided by 100 and round to the closest integer. As the rounding may introduce violation of the triangle inequalities, we apply a correcting procedure to the distances. We fix n to 50 and make p take the values 2, 4, 6, 8, and 10. We choose node 6 as the central hub as its coordinates are close to the center.
We have five instances of SpHCP with different p values. We compute b min by solving our two formulations SpHCP-1 and
SpHCP-2.
For SpHMP-BP, we need additional data. We use the amounts of traffic t im available in the data files. We take the unit routing costs f ij as equal to the distances d ij . For each choice of p, we take the limit on the path lengths b equal to b min , d1:1 Â b min e, d1:2 Â b min e, and d1:3 Â b min e. Clearly, b min is the smallest value of b such that problem SpHMP-BP is feasible. We have 20 instances of the SpHMP-BP problem.
We use the mixed integer programming (MIP) solver of CPLEX 11.0 to solve all the formulations. We use the default settings of CPLEX. Our experiments are carried out on a PC with an Intel core 2 duo processor of 2.8 GHz and 2048 MB of RAM using a Linux operating system.
In Tables 1 and 2 , we report the results that we obtained by solving the different formulations for the two problems, SpHCP and SpHMP-BP. In these tables, gap, nds, and cpu contain the percentage gap between the optimal value and the LP-relaxation bound, the number of nodes in the branch-and-cut tree, and the running time in seconds, respectively.
We can observe from Table 1 that the LP-relaxation bound associated with formulation SpHCP-1 is very poor while the bound associated with formulation SpHCP-2 is quite tight. However, formulation SpHCP-1 can solve all the instances within an average of 709 s but formulation SpHCP-2 needs more than 4 h in average. This is due to the larger size of formulation SpHCP-2. For example, with n ¼50 and p¼2 and after the MIP presolve phase, formulation SpHCP-1 has 2551 columns and 7401 rows while formulation SpHCP-2 has 60,125 columns and 118,974 rows. Hence, the MILP formulation SpHCP-2 that is built as the linearization of a quadratic formulation is very strong from the LP-bound point of view but it has the drawback of adding a huge number of columns and rows when compared to the initially linear formulation SpHCP-1.
Problem SpHMP-BP is structurally different from SpHCP since non-linearity appears also in the objective function. In both formulations we consider, based on the x and T variables or based on the x variables only, we had to further linearize by use of the z variables. This leads to formulations with a big size. For SpHMP-BP instances, we set a time limit of 1 h.
In Table 2 , we report the results for SpHMP-BP. Here, for formulation SpHMP-BP-1, column cpu reports the running time if the branch-and-cut algorithm can prove optimality within 1 h. If the branch-and-cut is stopped by the time limit, a percentage that represents the relative gap between the best obtained lower bound and the optimal value opt is reported in this column. To see the effect of Cplex cuts on the solution times, we also solved the same instances by disabling these cuts. We report the solution times in columns cpu-. Table 3 Results for the star p-hub median problem with bounded path lengths SpHMP-BP for the randomly generated instances. With default Cplex settings, formulation SpHMP-BP-1 fails in solving 14 instances over 20 within the time limit. However, formulation SpHMP-BP-2 succeeds in solving 19 instances over the 20 within the time limit and with an average time of 1311 s. We can observe that the average gap associated with SpHMP-BP-2 is of about 7.5% and is not much better than the 10% average gap associated with SpHMP-BP-1. However the number of nodes is significantly smaller with SpHMP-BP-2. This indicates that constraints (19) are not very strong from the LP-relaxation point of view, but they can drastically help the branch-and-cut process. In our implementation of SpHMP-BP-3, we put all the cliques computed by Algorithm 1. The number of cliques is given in column cliques. We can observe that the obtained LP-relaxation bound is then very strong since it is equal to the optimal solution value for 18 instances over 20. The average solution time for formulation SpHMP-BP-3 is 350 s. Finally, we provide the results of the variable fixing procedure in Algorithm 2, applied to SpHMP-BP-3. The LP-relaxation bound is not reported in Table 2 because we observed that it is always equal to the LP-relaxation bound of SpHMP-BP-3. However, a significant percentage of x and z variables are fixed and the average solution time decreases to 275 s. We see that disabling the Cplex cuts hurts significantly the performance of the formulations SpHMP-BP-1 and SpHMP-BP-2, whereas this does not have a big effect on the performance of the formulation SpHMP-BP-3.
Finally, we use some randomly generated instances to compare the performances of formulations for SpHMP-BP. These instances are generated as follows. The nodes are generated in the plane with coordinates uniformly distributed in [1, 10, 000] . The amount of traffic t ij is generated uniformly in the interval [0, 9] . The distance d ij is computed as the euclidean distance divided by 100 and rounded. Then the distances are corrected to make sure that they satisfy the triangle inequality. The costs f ij are set equal to the distances d ij . In this experiment, we let Cplex generate its cuts. For the instances other than the one with 70 nodes and 20 hubs, we computed optimally the b min values. For the instance, we took b min equal to the smallest value b for which we could compute a feasible solution. We set the first b value equal to b min and gradually increase.
The results are given in Table 3 . The optimal values of the LP relaxations are reported in column ''lb''. For some instances, the solver was not able to optimally solve the LP relaxations, and for some others, no integer solution was found in 1 h. In these cases, we cannot report the gap. Also, we do not report the solution time for the instances for which the solver ran out of memory. We observe here that even though the duality gaps are smaller compared to the ones of the AP instances, the first two formulations SpHMP-BP-1 and SpHMP-BP-2 perform poorly with large instances. On the contrary, the third formulation SpHMP-BP-3 is able to solve all instances to optimality in less than half an hour. The largest gap with SpHMP-BP-3 is 0.3%. Even though larger percentages of variables are fixed with the randomly generated data, the effect of preprocessing on the solution time is not different compared to the AP data.
Conclusion
In this paper, we introduced two related star p-hub location problems, namely the Star p-hub Center Problem and the Star p-hub Median Problem with Bounded Path Lengths. We proposed two mixed integer programming formulations for the Star p-hub Center Problem and showed that, even though its LP-relaxation bound is very poor, the formulation with a smaller size is more efficient in solving our instances. For the Star p-hub Median Problem with Bounded Lengths, we proposed three integer programming formulations and then we strengthened the third one by the use of preprocessing. The third formulation uses specific clique inequalities and has much better performance than the first two ones. When strengthened by preprocessing, it enabled us to solve the considered instances within at most half an hour.
